
Expediting Scientific Discoveries With Bayesian 
Statistical Methods

Permanent link
http://nrs.harvard.edu/urn-3:HUL.InstRepos:40046458

Terms of Use
This article was downloaded from Harvard University’s DASH repository, and is made available 
under the terms and conditions applicable to Other Posted Material, as set forth at http://
nrs.harvard.edu/urn-3:HUL.InstRepos:dash.current.terms-of-use#LAA

Share Your Story
The Harvard community has made this article openly available.
Please share how this access benefits you.  Submit a story .

Accessibility

http://nrs.harvard.edu/urn-3:HUL.InstRepos:40046458
http://nrs.harvard.edu/urn-3:HUL.InstRepos:dash.current.terms-of-use#LAA
http://nrs.harvard.edu/urn-3:HUL.InstRepos:dash.current.terms-of-use#LAA
http://osc.hul.harvard.edu/dash/open-access-feedback?handle=&title=Expediting%20Scientific%20Discoveries%20With%20Bayesian%20Statistical%20Methods&community=1/1&collection=1/4927603&owningCollection1/4927603&harvardAuthors=1e7a94e41388d4a11ae117e77600e3c8&departmentStatistics
https://dash.harvard.edu/pages/accessibility




















0











1



SR

Translocon

Nascent
peptide chain

Ribosome

mRNA

Cytosol

Periplasmic space

1

2
3 4

Membrane

SRP
RNC





(y1, y2, . . .)

0.0

0.5

1.0

FR
ET

FRET

0.0

0.5

1.0

FR
ET

0 10 20 30 40

0.0

0.5

1.0

Time (s)

FR
ET





(y1, y2, . . .)







(y1, y2, . . .)

yi ∈ [0, 1] yi =

yi



0

300

600
Fl
uo
re
sc
en
ce
 (A
.U
.)

Donor
Acceptor

0 10 20 30 40

0.0

0.5

1.0

Time (s)

FR
ET

FRET



SRP (Ffh + SRP RNA)

SRP RNA

Ffh-NG

Ffh-M

←Linker

A

B SR (FtsY)

FtsY

C

SRP RNA

Acceptor

Ffh-M

FtsY

Ffh-NG
Donor

Low FRET state High FRET state

Tetraloop end

Distal end

D





×



2

y = (y1, y2, . . . , yN )

yi | (zi = k) ∼ N(µk,σ
2
k),

z = (z1, z2, . . . , zN ) K

yi



zi K

P = (Pij) K × K

z

θ = (P , µ1, . . . , µK ,σ2
1, . . . ,σ

2
K)

µk σ2
k k k = 1, · · · ,K

π = (π1, . . . ,πK) z1

1, · · · ,K y1:N z1:N

p(y1:N , z1:N |θ) = πz1

N∏

n=2

p(zn|zn−1, P )
N∏

n=1

p(yn|zn,µ,σ2).

ym:n (ym, ym+1, . . . , yn)

m < n L(θ|y1:N ) =
∫
p(y1:N , z1:N |θ)dz1:N

z1:N

K

θ̂

L(θ̂|y1:N )



K

K

K = 1, 2, 3, . . . K ≥ 6

K = 1, 2, 3, 4, 5

K



K BICK

BICK = −2 logL(θ̂|y1:N ) + logN × (K2 + 2K − 1),

θ̂ θ K2 + 2K − 1 K2 −K

2K K − 1

BICK K

K



µ [0, 1]

P π

1 σ

[0.01, 0.3]

K

K = 1 K = 2 K = 3 K = 4 K = 5

K BICK

K = 3

K = 1 K



K

K

K = 3

θ

θ

{y(l), z(l)}

l P

l (µ(l)
1 , . . . µ(l)

K )

µ(l)
i ∼ N (µ0i, η20i) µ0 η2

0

((σ2
1)

(l), . . . (σ2
K)(l)) χ2

(ν, s2) ν s2

P



µ(l) (σ2)(l)

(µ0, η2
0), (ν, s

2), P

(µ(1),σ(1))

I(1)

(µ(2),σ(2))

I(2)
· · · · · ·

(µ(T ),σ(T ))

I(T )

z(1) z(2) . . . . . . z(T )

y(1) y(2) . . . . . . y(T )

I(l) l

K = 3 I(l) I(l) = {1, 2, 3}

I(l) = {1, 2} I(l) = {1, 3} I(l) = {2, 3}

l {1} {2} {3}



N (l)
i,j i j l N (l)

i,j = 0

i j l l

p(y(l), z(l)|µ(l),σ(l),P , I(l)) =
K∏

i,j=1

(
Pij∑

k∈I(l) Pik

)N
(l)
i,j

·
Nl∏

n=1

N (y(l)n ;µ(l)

z
(l)
n

,σ(l)

z
(l)
n

),

( Pij∑
k∈I(l)

Pik
)i,j∈I(l) l

I(l) Nl l

∏

l

p(y(l), z(l)|µ(l),σ(l),P , I(l))p(µ(l)|µ0,η
2
0)p((σ

(l))2|ν, s2).

P

µ0,η2
0

I(l)

(P ;µ0,η2
0 ; {µ(l),σ(l); I(l)}) {z(l)}

(P ;µ0,η2
0 ; {µ(l),σ(l); I(l)})



P µ0,η2
0 ; {µ(l),σ(l); I(l)}

(P , {µ(l),σ(l); I(l)}) {z(l)}

l = 1, 2 . . .

K = 3
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SNR = mink{µk+1−µk

σk
, µk+1−µk

σk+1
}

0.3 16

2.0



σ1 = σ2 = σ3 = 0.7

0.3

2.0

1.47 1.36 1.46

2.0



95% µ0i η0i

µ0,1 ≈ 0.1

µ0,3 ≈ 0.6 ∼ 0.8

µ0,2 0.3 0.4

µ0,2



100

µ0,1

µ0,2

µ0,3

η0,1
η0,2
η0,3

95% µ0i η0i
i ∈ {1, 2, 3}

0.0 0.2 0.4 0.6 0.8 1.0
FRET

Ffh−Data
FtsY−Data

µ0,3



90

{Pij}

P11 ± ± ±
P22 ± ± ±
P33 ± ± ±
P12 ± ± ±
P13 ± ± ±
P21 ± ± ±
P23 ± ± ±
P31 ± ± ±
P32 ± ± ±

± 2×

{Pij}

di = 1/(1 − Pii) i

d1 d2

d3 d1

d3 d2



P13

P12

i, j = 1, 2 P (k)
i→j

i j k
∑∞

k=1 P
(k)
1→2P23

P13 +
∑∞

k=1 P
(k)
1→1P13 P (k)

i→j

⎧
⎪⎪⎨

⎪⎪⎩

P (k+1)
1→2 = P11P

(k)
1→2 + P12P

(k)
2→2

P (k+1)
2→2 = P21P

(k)
1→2 + P22P

(k)
2→2

⎧
⎪⎪⎨

⎪⎪⎩

P (k+1)
1→1 = P11P

(k)
1→1 + P12P

(k)
2→1

P (k+1)
2→1 = P21P

(k)
1→1 + P22P

(k)
2→1



k

∑∞
k=1 P

(k)
1→2P23 =

P12P23
(1−P11)(1−P22)−P12P21

P13 +
∑∞

k=1 P
(k)
1→1P13 =

(1−P22)P13

(1−P11)(1−P22)−P12P21

Pij

P23 > P21

yi = const +



µ0,3 ≈ 0.6



d3 = 1/(1 − P33)

95% d3 [2.058, 2.577]

[0.465, 0.507]

µ0,1 [0.105, 0.116] [0.097, 0.104]
µ0,2 [0.319, 0.353] [0.380, 0.441]
µ0,3 [0.619, 0.646] [0.619, 0.635]
d3 [0.465, 0.507] [2.058, 2.577]

pmiddle 91.2% 40.7%

95%
µ0,1, µ0,2, µ0,3 d3

pmiddle
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Ffh-NG
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RNC
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Periplasmic space

1

2
3 4

Membrane



πiPij = πjPji i j πi

i

P

πiPij πjPji

πiPij −πjPji i, j ∈ {1, 2, 3}, i ̸= j

πiPij − πjPji = 0

z
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π1P12

0.0125 0.0130 0.0135 0.0140 0.0145 0.0150 0.0155
π2P21

−6e−04 −3e−04 0e+00 3e−04 6e−04
π1P12−π2P21

0.00025 0.00050 0.00075 0.00100
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π3P32

−3e−04 0e+00 3e−04 6e−04
π2P23−π3P32

πiPij πjPji i, j ∈ {1, 2, 3} i ̸= j
πiPij − πjPji

z
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y = (y1, . . . , yn)

yi xi {1, 2, . . . ,K}

K

x = (x1, . . . , xn)



K × K

P = PK×K K

i xt = i

j xt+1 = j Pij ijth

P 1 ≤ i, j ≤ K 1 ≤ t < n

yt xt = i

µi σ2
i

yt|xt = i ∼ N (µi,σ
2
i );

1 ≤ i ≤ K 1 ≤ t ≤ n



{n1, n2, . . . , nT } T

l 1 ≤ l ≤ T y(l) =

(y(l)1 , . . . , y(l)nl ) z(l) = (z(l)1 , . . . , z(l)nl )

kth µ(l)
k σ(l)

k 1 ≤ k ≤ K

P

(µ0, η2
0), (ν, s

2), P

(µ(1),σ(1))

I(1)
(µ(2),σ(2))

I(2)
· · · · · · (µ(T ),σ(T ))

I(T )

z(1) z(2) . . . . . . z(T )

y(1) y(2) . . . . . . y(T )



l

k µ(l)
k

µ0k η20k µ(l)
k ∼ N (µ0k, η20k)

[σ(l)
k ]2 χ2 νk

s2k [σ(l)
k ]2 ∼ Inv − χ2(νk, s2k)

Data Generating Process

Common Process

Means:

0

@
µ1 ⇠ N (0.1, 0.01)
µ2 ⇠ N (0.4, 0.02)
µ3 ⇠ N (0.7, 0.005)

1

A

Variances:

0

@
�2
1 ⇠ 1/�2

(1, 0.01)
�2
2 ⇠ 1/�2

(2, 0.02)
�2
3 ⇠ 1/�2

(1, 0.005)

1

A

Transition

Matrix:

P =

0

@
0.95 0.025 0.025
0.025 0.95 0.025
0.025 0.025 0.95

1

A

Means:(0.09, 0.42, 0.705)
Variances:(0.01, 0.02, 0.01)

Transition Matrix:P

Trace 1 FRET values:

(0.12, 0.132, 0.098, 0.35,
· · · , 0.58, 0.701, 0.697)

Means:(0.12, 0.4, 0.693)
Variances:(0.02, 0.012, 0.009)

Transition Matrix:P

Trace 2 FRET values:

(0.42, 0.51, 0.38, 0.45,
· · · , 0.08, 0.071, 0.112)

Means:(0.1, 0.39, 0.71)
Variances:(0.008, 0.014, 0.02)

Transition Matrix:P

Trace T FRET values:

(0.72, 0.651, 0.738, 0.71,
· · · , 0.37, 0.41, 0.392)

.

.

.

.

.

.

I(l)

l

K = 3 I(l) {1, 2, 3} {1, 2} {1, 3} {2, 3}

l
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Traditional Method
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0.5

1.0
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0.5

1.0

µ̂ = (0.07, 0.43, 0.72)
�̂ = (0.11, 0.15, 0.09)

; P̂ =

0

@
0.47, 0.27, 0.26
0.22, 0.66, 0.12
0.21, 0.13, 0.67

1

A

Hierarchical HMM

Transition Matrix : P

0

@
P11 P12 P13

P21 P22 P23

P31 P32 P33

1
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Variances: ((�(1)
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2 )2, (�(1)
3 )2)

Hidden States: z(1)

Means: (µ(2)
1 , µ(2)

2 , µ(2)
3 )

Variances: ((�(2)
1 )2, (�(2)

2 )2, (�(2)
3 )2)

Hidden States: z(2)

Means: (µ(3)
1 , µ(3)

2 , µ(3)
3 )

Variances: ((�(3)
1 )2, (�(3)

2 )2, (�(3)
3 )2)

Hidden States: z(3)

Iterate

Iterate



0 1

>> setup package();

>> resultheter = HHMMfit(′K′, 3,′HeterTraces′, true);
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µ0 = (0.1, 0.5, 0.9) η2
0 = (0.12, 0.12, 0.12)

P 0.6 0.2

σ(l)
k = 0.1 1 ≤ k ≤ 3

1 ≤ l ≤ 20

{P̂ij}1≤i,j≤3 {Pij}1≤i,j≤3
∑3

i=1

∑3
j=1(P̂ij − Pij)2
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∑ 13
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ij−
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∑
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20 50 100 100
6 × 3



T3

N3

(N (0.1, 0.12),N (0.4, 0.12),N (0.7, 0.12));

N2 (N (0.1, 0.12),N (0.4, 0.12));

N2 (N (0.1, 0.12),N (0.7, 0.12));

N2 (N (0.4, 0.12),N (0.7, 0.12)); N2

N3, N2, T3 R3

R2

±



T3 N3 T2 N2 R3 R2

1.0000± 0.0000 0.9600± 0.0374

0.9993± 0.0025 0.8017± 0.1481

0.9940± 0.0067 0.8383± 0.0504

0.9837± 0.0107 0.5317± 0.1863

0.9995± 0.0022 0.9850± 0.0207

0.9986± 0.0035 0.9600± 0.0469

0.9950± 0.0075 0.8383± 0.0306

0.9914± 0.0097 0.8850± 0.0698

±
T3 T2

N3 N2

R3 R2 ±
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{Yi = yi; 1 ≤ i ≤ n} {Xi = xi, 1 ≤ i ≤ n}

{Y,X}

{y, x}

{t1, . . . , tn} {1, . . . , n}

K

K K

K

K {y1, . . . , yn}



{y1, . . . , yn}



{y1, . . . , yn}



O(e−cn) O(n−1/2+δ)



X = {Xi, i ≥ 0}

XK = {1, · · · ,K} QK = {qkl, 1 ≤ k, l ≤ K} ∈ QK

qkl = P (Xi+1 = l|Xi = k) i ≥ 0 X Y = {Yi, i ≥ 1}

Y Yi Xi = k f(·|θk)

i ≥ 1 k ∈ XK θk ∈ Θ f Θ

{y : f(y|θk) ̸= f(y|θl)} 0 1 ≤ k < l ≤ K

φK = (QK ;θ1, . . . ,θK) ∈ QK ×ΘK = ΦK

X0 = x0 y1:n = {y1, y2, · · · , yn} ∈ Yn

x1:n = {x1, x2, · · · , xn}

(y1:n,x1:n) φK

p(y1:n,x0:n|φK) = p(y1:n|x0:n;θ1, . . . ,θK)p(x0:n|QK)

=
K∏

k=1

⎧
⎨

⎩
∏

i:xi=k

f(yi|θk)

⎫
⎬

⎭×
{

n∏

i=1

qxi−1xi

}
.

p(y1:n|φK) =
∑

x1:n∈Xn
K

p(y1:n,x0:n|φK),

X n
K n XK

K



K

Xi = k yi

µk σ2
k φK = (QK ; {µk,σ2

k}1≤k≤K)

p(y1:n,x0:n|φK) ∝
K∏

k=1

⎧
⎨

⎩
∏

i:xi=k

1

σk
exp

(
−(yi − µk)2

2σ2
k

)⎫⎬

⎭×
{

n∏

i=1

qxi−1xi

}
.

µk∗ = yi0 i0 k∗

σk∗ → 0 p(y1:n,x0:n|φK) → ∞



qij ≡ 1/K i, j ∈ {1, 2, . . . ,K}



K θk

π(θ|α) QK νK(QK |βK)

θk α βK

p0(φK)

p0(φK) = p0(φK |α,βK) = νK(QK |βK)
K∏

k=1

π(θk|α).

K

pK(y1:n) =

∫

ΦK

p(y1:n|φK)p0(φK)dφK .

K

K̂n := KpK(y1:n).



oP

OP



{Xn, Yn}n≥1 Xn ! Yn Xn/Yn = OP (1) Yn/Xn =

OP (1) n ≥ 1 #S S

{ϵn}n>0 0 n → ∞ ϵn ↓ 0

K∗ φ∗ = (Q∗;θ∗
1, . . . ,θ

∗
K∗)

K ̸=

K∗ n → ∞
pK(y1:n)

pK∗(y1:n)
= oP (n

−1/2 logn).

K∗

K ≥ K∗ n → ∞

K̂n := 1≤K≤K pK(y1:n)
P−→ K∗,

P−→

π(·|α) θ∗
k(1 " k " K∗)

δ > 0 Nk(δ)
⋂

Nl(δ) = ∅ 1 " k < l " K∗

Ni(δ) = {θ : ∥θ − θ∗
i ∥ < δ}

Q∗

K νK(·|βK) QK



νK

QK

x1:n ∈ X n
K



x1:n nk k

nk = nk(x1:n) := #{i : 1 ≤ i ≤ n, xi = k}

1 ≤ k ≤ K ϵ > 0 1 ≤ k ≤ K

X n
K,k,ϵ := {x1:n : x1:n ∈ X n

K , nk(x1:n) < ϵn},

X n
K,ϵ X n

K,k,ϵ

X n
K,ϵ :=

K⋃

k=1

X n
K,k,ϵ.

K ≥ 1 An ⊂ ΦK ϵn ↓ 0

n → ∞

∑
Xn

K\Xn
K,ϵn

∫
An

p(y1:n,x0:n|φK)p0(φK)dφK
∑

Xn
K

∫
An

p(y1:n,x0:n|φK)p0(φK)dφK
→ 1.

An = ΦK n

∑
Xn

K\Xn
K,ϵn

p(y1:n,x0:n|α,βK)
∑

Xn
K
p(y1:n,x0:n|α,βK)

→ 1,

p(y1:n,x0:n|α,βK) =
∫
ΦK

p(y1:n,x0:n|φK)p0(φK)dφK

X n
K,ϵ



K∗ = 1 y1:n f(·|θ∗)

θ∗ θ̂ θ∗ n → ∞

∏n
i=1 f(yi|θ̂)√
np1(y1:n)

=

∏n
i=1 f(yi|θ̂)√

n
∫
Θ

∏n
i=1 f(yi|θ)π(θ)dθ

= OP (1).

K = 2 x1:n ∈ X n
2 n1 n2

∫

Φ2

p2(y1:n,x1:n|φ2)p0(φ2)dφ2

=

∫

Θ

∏

i:xi=1

f(yi|θ1)π(dθ1)×
∫

Θ

∏

i:xi=2

f(yi|θ2)π(dθ2)×
∫

Q2

n∏

i=1

qxi−1xiν2(dQ2).

k = 1, 2

∏n
i:xi=k f(yi|θ̂k)√

nk
∫
Θ

∏n
i:xi=k f(yi|θ)π(θ)dθ

= OP (1),

θ̂k yi xi = k θ̂k θ∗

nk → ∞ n1n2
n → ∞ n1, n2 → ∞ n → ∞

∫
Φ2

p2(y1:n,x1:n|φ2)p0(φ2)dφ2

p1(y1:n)

=

∏2
k=1

∫
Θ

∏
i:xi=k f(yi|θk)π(dθk)∫

Θ

∏n
i=1 f(yi|θ)π(θ)dθ

×
∫

Q2

n∏

i=1

qxi−1xiν2(dQ2)

=OP

(√
n

n1n2

)∫

Q2

n∏

i=1

qxi−1xiν2(dQ2),



oP (1) qxi−1xi ∈ [0, 1]

x1:n ∈ X n
2 x1:n

n1(x1:n) n1 = 1 OP (n/n1n2) ̸= op(1)

ϵn ↓ 0 n → ∞

n1 < nϵn n2 < nϵn

OP

(√
n

n1n2

)
≤ OP

(√
1

ϵ2nn

)
= op(1),

ϵn ↓ 0 ϵ2nn → ∞

K∗ > 1



Yi|Xi = k ! N(θk, 1) K∗ = 1

θ∗1 = 0 Yi K = 2

K > K∗

θ1 = θ2 = 0 Q2

1 θ1 = 0 q12 = q22 = 0 θ2

2 θ2 = 0 q11 = q21 = 0 θ1

K

(K∗ + 1) K > K∗

1 K∗ 1 K∗



νK(·|βK)

Q̃K = {Q : q1k = q2k = · · · = qKk 1 ≤ k ≤ K}

K̂n

OP (n−1/2 log n) n y1:n

n−1/2 logn



y1:n φK p(y1:n,φK) = p(y1:n|φK)p0(φK)

p(y1:n|φK)

K

pK(y1:n)
∫
ΦK

p(y1:n|φK) p0(φK) dφK

pK(y1:n)

p(φK |y1:n) =

p(y1:n,φK)/pK(y1:n)



p(φK |y1:n)

p(y1:n,φK) φK

ΦK × X n
K



pK(y1:n)

p(φK |y1:n)

p(φK |y1:n)

pK(y1:n)

p(φK |y1:n)

{φ(i)
K }Ni=1 N



{φ(i)
K }Ni=1

g(·)

t

2 3

ΩK

1/2 <
∫
ΩK

g(·) < 1

g(·)

pK(y1:n)

pK(y1:n)

p̂(RIS)
K (y1:n) =

[
1

N
∫
Ωk

g(·)

N∑

i=1

g(φ(i)
K )

p(y1:n,φ
(i)
K )

I
φ

(i)
K ∈ΩK

]−1

,

I
φ

(i)
K ∈ΩK

= 1 φ(i)
K ∈ ΩK

M g(·) {ψ(j)
K }1≤j≤M

pK(y1:n)

p̂(IS)K (y1:n) =
1

MPΩ

M∑

j=1

p(y1:n,ψ
(j)
K )

g(ψ(j)
K )

I
ψ(j)

K ∈ΩK
,

I
ψ

(j)
K ∈ΩK

= 1 ψ(j)
K ∈ ΩK PΩ = #S/N



S = {i : φ(i)
K ∈ ΩK ; 1 ≤ i ≤ N} #S

p(φK |y1:n)

K

µ = (1, 2, . . . ,K) σ2 = (σ2, . . . ,σ2)

P (1)
K P (2)

K , P (3)
K



P (4)
K

P (1)
K =

1

K
EK , P (2)

K =

[
0.8− 0.2

K − 1

]
IK +

0.2

K − 1
EK ,

P (3)
K =

[
0.95− 0.05

K − 1

]
IK +

0.05

K − 1
EK ,

P (4)
K =

0.9

K − 1
EK −

[
0.9

K − 1
− 0.1

]
IK ,

EK K × K 1 IK K × K

K = 4

P (1)
4 =

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

0.25 0.25 0.25 0.25

0.25 0.25 0.25 0.25

0.25 0.25 0.25 0.25

0.25 0.25 0.25 0.25

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

, P (2)
4 =

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

0.8 1/15 1/15 1/15

1/15 0.8 1/15 1/15

1/15 1/15 0.8 1/15

1/15 1/15 1/15 0.8

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

;

P (3)
4 =

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

0.95 1/60 1/60 1/60

1/60 0.95 1/60 1/60

1/60 1/60 0.95 1/60

1/60 1/60 1/60 0.95

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

, P (4)
4 =

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

0.1 0.3 0.3 0.3

0.3 0.1 0.3 0.3

0.3 0.3 0.1 0.3

0.3 0.3 0.3 0.1

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

.
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{µk}Kk=1

{µ0k}Kk=1 1002 {µ0k}Kk=1

µ0k y1:n

{σ2
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µh = Eπ{h(x)}

π(·) Ω ⊂ Rd h(·)

π(·) Eπ{|h(x)|} < ∞

x y

K(x, y)

y x

x x′ T (x, x′) π

x−i x i

n

M x(j)i i j

n

M N

x(1)0

j = 1 j = n

{x(j)1 , . . . , x(j)M } K(x(j)0 , ·)

w(x(j)0 ), . . . , w(x(j)M )

i = 1 i = N

y(j)i {x(j)0 , . . . , x(j)M } {w(x(j)0 ), . . . , w(x(j)M )}



x(j+1)
0 {x(j)0 , . . . , x(j)M } {w(x(j)0 ), . . . , w(x(j)M )}

{y(j)i : i = 1, . . . , N ; j = 1, . . . , n}

w(x(j)i ) =
1

M
min{1,

π(x(j)i )K(x(j)i , x(j)−i )

π(x(j)0 )K(x(j)0 , x(j)−0)
}, (i = 1, . . . ,M); w(x(j)0 ) = 1−

M∑

i=1

w(x(j)i ).

w(x(j)i ) =
π(x(j)i )K(x(j)i , x(j)−i )∑M
i=0 π(x

(j)
i )K(x(j)i , x(j)−i )

, (i = 0, . . . ,M).

y(j)i i = 1, . . . , N j = 1, . . . , n

µh µ̂pmcmc
h = 1

nN

∑n
j=1

∑N
i=1 h(y

(j)
i )

w(x(j)i )

x(j)i w(x(j)i ) i = 0, . . . ,M j = 1, . . . , n

µh µ̂lwpmcmc
h = 1

n

∑n
j=1

∑M
i=0 h(x

(j)
i )w(x(j)i )

x(1)0

j = 1 j = n

{x(j)1 , . . . , x(j)M } K(x(j)0 , ·)

w(x(j)0 ), . . . , w(x(j)M )



x(j+1)
0 T (x(j)0 , ·)

x(j)i w(x(j)i ) i = 0, . . . ,M j = 1, . . . , n

T (x(j)0 , x′)

M = 1

µ̂pmcmc
h µ̂lwpmcmc

h µ̂mcmc
h

h(·)

n

M

N



E(µ̂lwpmcmc
h ) = µh

var(µ̂lwpmcmc
h ) < var(µ̂pmcmc

h )

h(·) µ̂lwpmcmc
h µ̂pmcmc

h

EG
(
h; {x(j)i , w(x(j)i )}i=0,...,M ;j=1,...,n;N

)
=

var(µ̂pmcmc
h )− var(µ̂lwpmcmc

h )

var(µ̂lwpmcmc
h )

.

µ̂lwpmcmc
h µ̂pmcmc

h

EG
(
h; {x(j)i , w(x(j)i )}i=0,...,M ;j=1,...,n;N

)
=

E(ḡ)− E{(h̄)2}
N var(h̄)

,

var(h̄)

{
∑M

i=0w(x
(j)
i )h(x(j)i )}j=1,...,n E(ḡ), E{(h̄)2}

{
∑M

i=0w(x
(j)
i )h(x(j)i )2}j=1,...,n [{

∑M
i=0w(x

(j)
i )h(x(j)i )}2]j=1,...,n

N → ∞



EG(h; {x(j)i , w(x(j)i )}i=0,...,M ;j=1,...,n;N) → 0, var(µ̂lwpmcmc
h )/var(µ̂pmcmc

h ) → 1.

µ̂mcmc

ESSmcmc =
σ2

var(µ̂mcmc)
=

n

1 + 2
∑

k ρk
,

ρk k {x(j)0 }nj=1

π(·) σ2 π(·)

n(M + 1)

µ̂lwpmcmc =
1

n

n∑

j=1

x̄(j), x̄(j) =
M∑

i=0

w(x(j)i )x(j)i .



ESSlwpmcmc =
σ2

var(µ̂lwpmcmc)
=

nσ2

var(x̄) (1 + 2
∑

k γk)
,

γk k
{
x̄(j)

}n

j=1
var(x̄(j)) = var(x̄)

1 ≤ j ≤ n

ESSpmcmc =
σ2

var(µ̂pmcmc)
=

ESSlwpmcmc

1 + EG
,

EG

K var(x̄)

1+2
∑

k γk ESSlwpmcmc

ESSlwpmcmc

ESSlwpmcmc var(x̄)(1 + 2
∑

k γk)
{
x̄(j)

}n

j=1
σ2

σ2/var(µ̂lwpmcmc)

ESSmcmc



w(x(j)0 ) = 1 w(x(j)i ) = 0 i = 1, . . . ,M x̄(j) = x(j)0 x(j)0 ∼ π

j var(x̄(j)) = var(x̄) = σ2 j

γk = ρk ρk k {x(j)0 }nj=1

M = 1 w(x(j)0 ) = 1 ESSlwmcmc ESSmcmc

φ(·)

W H(x, p) = − log π(x) + 1
2p

TW−1p w(x(j)i )

w(x(j)i ) =
exp{−H(x(j)i , p(j)i )}

∑M
i=0 exp{−H(x(j)i , p(j)i )}

, (i = 0, . . . ,M).



x(j)a x(j)b

r(x(j)a , x(j)b ) = min

[
1,

exp{−H(x(j)b , p(j)b )}
exp{−H(x(j)a , p(j)a )}

]
.

x(j)i w(x(j)i ) i = 0, . . . ,M j = 1, . . . , n

µh µ̂lwhmc
h = 1

n

∑n
j=1

∑M
i=0 h(x

(j)
i )w(x(j)i )

x

j = 1 j = n

p(j)0 , . . . , p(j)M ∼ φ

l {0, . . . ,M} x(j)l = x

l {x(j)0 , . . . , x(j)l−1}

M − l {x(j)l+1, . . . , x
(j)
M }

w(x(j)0 ), . . . , w(x(j)M )

a = 0 l > M − l a = M

x x(j)a r(x(j)l , x(j)a )

x(j)i w(x(j)i ) i = 0, . . . ,M j = 1, . . . , n



ESSlwmcmc

M

M

X0 = 0 y1:T = (y1, . . . , yT )T

Yt = Xt + ϵt, Xt = Xt−1 + ηt (t = 1, . . . , T );

ϵt, ηt σ2
y σ2

x

y1:T x1:T =



(x1, . . . , xT )T (σ2
x,σ

2
y)

L(y1:T , x1:T | σ2
x,σ

2
y) = (σyσx)

−T exp

{
−
∑T

t=1(yt − xt)2

2σ2
y

−
∑T

t=1(xt − xt−1)2

2σ2
x

}
.

L(y1:T | σ2
x,σ

2
y) =

∫
RT L(y1:T , x1:T | σ2

x,σ
2
y)dx1:T

σ2
x σ2

y (νx, s2x)

(νy, s2y)

σ2
x σ2

y

T = 1, 000 σx =

0.1 σy = 1 νx = νy = 1 s2x = 0.01 s2y = 1

δx, δy log(σ2
x), log(σ

2
y)

10, 000 n = 10, 000

M

N

M = 20

0.03 W (2, 1)

σ2
x σ2

y 454 4, 793

M = 20



σ2
x

M
N

δx = 0.1
δx = 0.3
δx = 0.5

σ2
y

M
N

δy = 0.1
δy = 0.3
δy = 0.5

n = 10, 000 M
N δx δy

log(σ2
x) log(σ2

y)
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A

K

θ



z1

L(θ) =
N∏

n=2

p(zn|zn−1,P )
N∏

n=1

p(yn|zn,µ,σ2) =
K∏

j,k=1

P
Tjk

jk ·
N∏

n=1

N (yn;µzn ,σ
2
zn),

Tjk z j k

N (y;µ,σ2) µ σ2 y

E logL(θ|θold) =
K∑

j,k=1

N∑

n=2

vn,j,k logPjk +
K∑

k=1

N∑

n=1

un,k logN (yn;µk,σ
2
k),

un,k = p(zn = k|y,θold) vn,j,k = p(zn−1 = j, zn = k|y,θold)

α(zn) := p(y1:n, zn|θold) β(zn) := p(y(n+1):N |zn,θold)

un,zn = α(zn)β(zn)/p(y1:N |θold),

vn,zn−1,zn = α(zn−1)β(zn)p(yn|zn,θold)p(zn|zn−1,θ
old)/p(y1:N |θold).

α(zn) β(zn)

α

1 N β N 1

α(zn) = p(yn|zn,θold)
K∑

zn−1=1

α(zn−1)p(zn|zn−1,θ
old),

β(zn) =
K∑

zn+1=1

β(zn+1)p(yn+1|zn+1,θ
old)p(zn+1|zn,θold), β(zN ) ≡ 1.

p(y|θ̂) =
∑

zN
α(zN ) =

∑
zN

p(y1:N , zN |θ̂)



E logL(θ|θold) θ

θnew

Pjk =

∑N
n=2 vn,j,k∑K

k=1

∑N
n=2 vn,j,k

, µk =

∑N
n=1 ynun,k∑N
n=1 un,k

, σ2
k =

∑N
n=1 un,k(yn − µk)2∑N

n=1 un,k
.

θ

z θ z

z θ

P µk k = 1, . . . ,K

χ2 ν, s2 σ2
k µ

0 < µ1 < · · · < µK < 1

p(θ, z|y) = p(y, z|θ)p0(P )p0(µ)p0(σ
2)

∝
K∏

j=1

K∏

k=1

P
Tjk

jk

N∏

n=1

N (yn;µzn ,σ
2
zn)

K∏

k=1

p0(σ
2
k; ν, s

2).

j

Pj· = (Pj1, Pj2, . . . , PjK)

µ

σ2 χ2



z 1 N

p(zn = k|zn−1 = j,θ,y) ∝ Pjk N (yn;µk,σk) p(yn+1:N |zn = k)

= Pjk N (yn;µk,σk) β(k), n = 1, 2, . . . , N,

β(k)

p(µ0,η
2
0 , s

2)
∏

l

p(y(l), z(l)|I(l),µ(l),σ(l),P )×
∏

l

p(µ(l)|µ0,η
2
0 , I

(l))p((σ(l))2|ν, s2, I(l))p(I(l)).

I(ω) Iω

{µ(l),σ(l)}

{I(l)} {1, . . . ,K}

µ0,η2
0 , s

2 1 ≤ k ≤ K

µ0,k N (
∑T

l=1,k∈I(l) µ
(l)
k /(

∑T
l=1 Ik∈I(l)), η

2
0,k/(

∑T
l=1 Ik∈I(l))),

η20,k χ2(
∑T

l=1 Ik∈I(l) − 2,
∑T

l=1,k∈I(l)(µk − µ0,k)2/(
∑T

l=1 Ik∈I(l) − 2)),

s2k {νk
∑T

l=1 Ik∈I(l)/(σ
(l)
k )2}−1χ2

df , df = νk
∑T

l=1 Ik∈I(l) + 2.



P

p(P ) ∝
∏

i,j

P
∑

l N
(l)
i,j

ij /
∏

I(l) ̸={1,2,...,K}

∏

i∈I(l)
(
∑

k∈I(l)
Pik)

∑
k∈I(l)

N
(l)
i,k .

{µ(l),σ(l)} k ∈ I(l) l = 1, . . . , T

µ(l)
k ∼ N

⎛

⎝
µ0k/η20k +

∑
z
(l)
n =k

y(l)n /(σ(l)
k )2

1/η20k +
∑

z
(l)
n =k

1/(σ(l)
k )2

,
1

1/η20k +
∑

z
(l)
n =k

1/(σ(l)
k )2

⎞

⎠ ;

(σ(l)
k )2 ∼ Inv − χ2

(
νk +

Nl∑

n=1

I(z(l)n = k),
νks2k +

∑
n(y

(l)
n − µ(l)

k )2I(z(l)n = k)

νk +
∑

n I(z
(l)
n = k)

)
.

{z(l)}

I(l) ̸= {1, 2, . . . ,K}

P l

{I(l)} I(l) A ⊂ {1, 2, . . . ,K}

p(y(l)|µ(l),σ(l),P , I(l) = A)p(µ(l)|µ0,η
2
0, I

(l) = A)p((σ(l))2|ν, s2, I(l) = A)

A {1, 2, 3} {1, 2} {1, 3} {2, 3} K = 3

{1, 2, 3, 4} {1, 2, 3} {1, 2, 4} {1, 3, 4} {2, 3, 4} {1, 2} {1, 3} {1, 4} {2, 3}

{2, 4} {3, 4} K = 4



B

1Ω

Ω Ωc



Ω A At || · ||

K∗

K

K∗

Θ Rd θ∗k Θ

1 ≤ k ≤ K∗

q∗kl > 0 1 ≤ k, l ≤ K∗

θ → f(·|θ) Θ

P ∗ E∗

φ∗ 1 ≤ k ≤ K∗

E∗| log f(Y1|θ∗k)| < ∞;



ϵ > 0

P ∗

{
sup

||θ′−θ∗||<ϵ, 1≤l,l′≤K∗

f(Y1|θl)
f(Y1|θl′)

= ∞

∣∣∣∣∣X1 = k

}
< 1.

ν Y f(·|θ)

θ ∈ Θ ϵ > 0

E∗

[
sup

|θ′−θ|<ϵ
(log f(Y1|θ′))+

]
< ∞,

E∗

[
sup

|θ′−θ|<ϵ
||∇θ log f(Y1|θ′)||2

]
< ∞,

E∗

[
sup

|θ′−θ|<ϵ
||D2

θ log f(Y1|θ′)||2
]
< ∞,

∫

Y

∥∥∥∥∥ sup
|θ′−θ|<ϵ

∇θf(y|θ′)

∥∥∥∥∥ν(dy) < ∞,

∫

Y

∥∥∥∥∥ sup
|θ′−θ|<ϵ

D2
θf(y|θ′)

∥∥∥∥∥ν(dy) < ∞.

a > 0 b > 0 M

sup
|θ|≤Mb

∫
||∇θf(y|θ)||ν(dy) ≤ Ma.

θ ̸= θ′ Θ λd{y : f(y|θ) ̸= f(y|θ′)} > 0 λd

Rd



νK(QK) =
∏K

k=1 ν̃(qk1, qk2, · · · , qkK) C > 0 α1 > 0 · · · αK > 0

0 < ν̃(u1, u2, · · · , uK) < Cuα1−1
1 uα2−1

2 · · ·uαK−1
K .

(u1, u2, · · · , uK)

min(u1, u2, · · · , uK) > 0,
K∑

l=1

uk = 1.

∑K
k=1 αk > K(K + d− 1)

K̃ =
{
k⃗ = (k1, k2, · · · , kK∗) ∈ {1, · · · ,K}K∗

: ki < ki+1, i = 0, · · · ,K∗ − 1
}
.

1 ≤ i ≤ K∗ + 1 k0 = 0 kK∗+1 = K

Ii = {ki−1 + 1, · · · , ki}.

k⃗ ∈ K̃

ai ∈ R bi ∈ Rd ci ∈ R 1 ≤ i ≤ K∗

πk ∈ {R ∪ {0}} kK∗ + 1 ≤ k ≤ K



zik ∈ Rd αik ∈ R 1 ≤ i ≤ K∗ k ∈ Ii ||zik|| = 1 αik ≥ 0
∑

k∈Ij αik = 1 1 ≤ j ≤ K∗

θk ∈ Θ− {θ∗l , 1 ≤ l ≤ K∗} kK∗ + 1 ≤ k ≤ K

P (ai, bi, ci,πk, zik,αik, θk) p ∈ P

F(y|p) = F(y|ai, bi, ci,πk, zik,αik, θk)

=
K∑

k=kK∗+1

πkf(·|θk) +
K∗∑

i=1

(
aif(·|θ∗i ) + bti∇f(·|θ∗i )

)
+

K∗∑

i=1

c2i
∑

k∈Ii

αikz
t
ikD

2f(·|θ∗k)zik.

{p : p ∈ P,F(y|p) = 0 ∀y ∈ Y}

{
p : p ∈ P , (ai, bi, ci) = 0⃗ ∀1 ≤ i ≤ K∗,πk = 0 ∀kK∗ + 1 ≤ k ≤ K

}
.

φK ∈ ΦK p(·|φK) = p(·|φK∗) k⃗ ∈ K̃

θk = θ∗i i ∈ {1, 2, · · · ,K∗} k ∈ Ii

∑
l∈Ij qkl = q∗ij i, j ∈ {1, 2, · · · ,K∗} k ∈ Ii l ∈ Ij

qkl = 0 1 ≤ k ≤ K l > kK∗



φK i ki−1 + 1, · · · , ki

kK∗ + 1, · · · ,K∗ k⃗ ∈

K̃ φk ∈ ΦK

θ⃗D = (θ1, · · · , θkK∗ ),

θ⃗R = (θkK∗+1, · · · , θK),

∆jk =
∑

k′∈Ij

qkk′ − q∗ij , 1 ≤ j ≤ K∗, k ∈ Ii, 1 ≤ i ≤ K∗

rkl =
qkl∑

k′∈Ij qkk′
, 1 ≤ k ≤ K, l ∈ Ij , j ≤ K∗

Q⃗R = (qkl)1≤k≤K,l>kK∗ .

φ∗

θ⃗∗D = (θ∗1, · · · , θ∗1, θ∗2, · · · , θ∗2, · · · , θ∗K∗),

∆∗
jk = 0, 1 ≤ j ≤ K∗, k ∈ Ii, 1 ≤ i ≤ K∗,

Q⃗∗
R = 0⃗,

θi ki − ki−1 rkl θ⃗R
∑

l∈Ij rkl = 1 1 ≤ j ≤ K∗

φK φK∗

ai = ci = 0

∆jk = 0 bi = 0⃗ θ⃗D = θ⃗∗D pi = 0 Q⃗R = 0⃗

(zik,αik) θk rkl θ⃗R



Fi K × K (f(yi|θ1), · · · , f(yi|θK))

Mi = Mi(φK) = FiQt
K 1 ≤ i ≤ n

{φ : φ ∈ ΦK ,Mi(φ) P φ }

P φ

φ

φ ∈ ΦK 1 ≤ k ≤ K Eφ[|Y1||X1 = k] < ∞ Eφ

P φ

L(y1:n|φK) := log p(y1:n|φK) X n
K,ϵ

Lϵ(y1:n|φK) = log pϵ(y1:n|φK)

pϵ(y1:n|φK) :=
∑

x0:n∈Xn
K,ϵ

p(y1:n,x0:n|φK).

φK µ =

µ(φK) ∈ R n−1L(y1:n|φK) → µ

ω ∈ (0, 1)

ϵ ∈ (0, 1) φK ∈ ΦK



µ′ = µ′(φK) ∈ R

lim sup
n→∞

n−1Lϵ(y1:n|φK) ≤ µ′ − ϵ logω.

µ′(φK) < µ(φK) µ(φK)

ω ∈ (0, 1) µ : ΦK → R

n−1L(y1:n|φ)
a.s.−−→ µ(φ) µ′ : ΦK → R

lim supn→∞ n−1Lϵ(y1:n|φ) ≤ µ′(φ) − ϵ logω

µ′ µ ΦK φ ∈ ΦK

B = B(φ) ⊂ ΦK µ′(φ) < infϕ∈B µ(ϕ)− c c > 0

ϵ = ϵ(φ) > 0 µ′(φ)− ϵ(φ) logω < infϕ∈B µ(ϕ)− c
2

φ ∈ ΦK ϕ ∈ B = B(φ)

lim sup
n→∞

1

n
Lϵ(φ)(y1:n|φ)−

1

n
L(y1:n|ϕ) ≤ µ′(φ)− ϵ(φ) logω − µ(ϕ) < − c

2
< 0.

φ ∈ ΦK n → ∞

pϵ(φ)(y1:n|φ)∫
ΦK

p(y1:n|ϕ)p0(ϕ)dϕ
≤

pϵ(φ)(y1:n|φ)∫
B(φ) p(y1:n|ϕ)p0(ϕ)dϕ

→ 0.



ϵn ↓ 0 n → ∞ En := {φ : φ ∈ ΦK , ϵ(φ) ≥ ϵn}

∫
ΦK

pϵn(y1:n|φ)p0(φ)dφ∫
ΦK

p(y1:n|ϕ)p0(ϕ)dϕ

=

∫

En

pϵn(y1:n|φ)∫
ΦK

p(y1:n|ϕ)p0(ϕ)dϕ
p0(φ)dφ+

∫

Ec
n

pϵn(y1:n|φ)∫
ΦK

p(y1:n|ϕ)p0(ϕ)dϕ
p0(φ)dφ

≤
∫

En

pϵ(φ)(y1:n|φ)∫
ΦK

p(y1:n|ϕ)p0(ϕ)dϕ
p0(φ)dφ+

∫

ΦK

pϵn(y1:n|φ)∫
ΦK

p(y1:n|ϕ)p0(ϕ)dϕ
1Ec

n
(φ)p0(φ)dφ.

p(y1:n|φ)p0(φ)∫
ΦK

p(y1:n|ϕ)p0(ϕ)dϕ

1 ΦK

En ↑ ΦK 1Ec
n
↓ 0

o(1) 1

1φK∈An

I(k) = (0, 0, · · · , 0, 1, 0, · · · , 0)t 1 kth

L1 u = (u1, u2, · · · , ud)t ∈ Rd ∥u∥1 =
∑d

i=1 |ui| L(y1:n|φK)

L(y1:n|φK) = log ∥Mn(φK)Mn−1(φK) · · ·M1(φK)I(x0)∥1,

Mi {Xi : i ≥ 0}

XK∗ := {1, 2, · · · ,K∗} {(Xn, Yn) : n ≥ 0}

XK∗ × Y Gl(K,R) K × K



Tn = Tn(φK) := Mn(φK)Mn−1(φK) · · ·M1(φK),

{(Xn, Yn, Tn) : n ≥ 0} XK∗ × Y ×Gl(K,R)

u ∈ Rd ∥u∥1 ̸= 0 u := u/∥u∥1

P(Rd) Rd u

Wi = Wi(φK) :=
(
Xi, Yi, Ti(φK)I0(x0)

)
.

{Wn : n ≥ 0} XK∗ × Y × P(RK)

L(y1:n|φK)

{Wn(φK) : n ≥ 0}

L(y1:n|φK) =
n∑

i=1

log
∥Ti(φK)I(x0)∥1
∥Ti−1(φK)I(x0)∥1

=
n∑

i=1

σ (Wi(φK),Wi−1(φK)) ,

σ (Wi(φK),Wi−1(φK)) := log ∥Ti(φK)I(x0)∥1
∥Ti−1(φK)I(x0)∥1

µ n−1L(y1:n|φK) →

µ

ϵ ∈ (0, 1) XK,k,ϵ

pkϵ (y1:n|φK) :=
∑

Xn
K,k,ϵ

p(y1:n,x0:n|φK),



Lk
ϵ = Lk

ϵ (y1:n|φK) = log pkϵ (y1:n|φK)

pϵ(y1:n|φK) ≤
K∑

k=1

pkϵ (y1:n|φK) ≤ K max
1≤k≤K

pkϵ (y1:n|φK).

k µ′
k ∈ R

lim sup
n→∞

n−1Lk
ϵ (y1:n|φK) ≤ µ′

k − ϵ logω.

k = K F̃i K × K

(f(yi|θ1), · · · , f(yi|θK−1),ωf(yi|θK)) ω K

Fi Mi M̃i = M̃i(φK) = F̃iQt
K

p̃K(y1:n|φK) := ∥M̃n(φK)M̃n−1(φK) · · · M̃1(φK)I(x0)∥

=
∑

Xn
K

K∏

k=1

∏

i:xi=k

f(yi|θk)×
n∏

i=1

qxi−1xi × ωnK

≥
∑

Xn
K,K,ϵ

K∏

k=1

∏

i:xi=k

f(yi|θk)×
n∏

i=1

qxi−1xi × ωnK

≥
∑

Xn
K,K,ϵ

K∏

k=1

∏

i:xi=k

f(yi|θk)×
n∏

i=1

qxi−1xi × ωϵn

= ωϵnpKϵ (y1:n|φK),

nK ω

{xi} K K

nK X n
K,K,ϵ nK < ϵn

L̃K = L̃K(y1:n|φK) = log p̃K(y1:n|φK)



L̃K

µ′
K n−1L̃K → µ′

K

ϵ logω +
LK
ϵ

n
≤ L̃K

n
a.s.−−→ µ′

K .

k = K 1 ≤ k ≤ K

ω M̃i kth

µ′
k < µ k = K

x0 = K {Zi : i ≥ 0}

QK Z0 = K {(Xi, Yi) : i ≥ 0}

τ0 = 0 τj = inf{i : i > τj−1, Zi = K}

{Zi} K m M = Eτm

δ ∈ (0, 1) m′ = [(1− δ)m] E = {τm′ < M} Y1:M = y1:M

{Zi, i ≥ 1}



m → ∞

1

M
L(y1:M |φK) =

1

M
logE

[
M∏

i=1

f(Yi|θZi)qZi−1Zi

∣∣∣∣Y1:M = y1:M

]

=
1

M
logE

[
M∏

i=1

f(Yi|θZi)qZi−1Zi ; E
∣∣∣∣Y1:M = y1:M

]
+ o(1)

=
1

M
logE

⎡

⎣
m′∏

j=1

τj∏

i=τj−1+1

f(Yi|θZi)qZi−1Zi

×
τm′+|M−τm′ |∏

i=τm′+1

f(Yi|θZi)qZi−1Zi ; E
∣∣∣∣Y1:M = y1:M

⎤

⎦+ o(1)

=
1

M
logE

⎡

⎣
m′∏

j=1

τj∏

i=τj−1+1

f(Yi|θZi)qZi−1Zi

×
τm′+|M−τm′ |∏

i=τm′+1

f(Yi|θZi)qZi−1Zi

∣∣∣∣Y1:M = y1:M

⎤

⎦+ o(1)

=
1

M
logE

⎡

⎣
m′∏

j=1

Vj × Vm′+1

∣∣∣∣Y1:M = y1:M

⎤

⎦+ o(1),

Vj =

τj∏

i=τj−1+1

f(Yi|θZi)qZi−1Zi

1 ≤ j ≤ m′

Vm′+1 =

τm′+|M−τm′ |∏

j=τm′+1

f(Yi|θZi)qZi−1Zi .

τj {Zi} K {τj − τj−1, j =

1, 2, · · · , } {Yi, i = 1, 2, · · · } {Vj , 1 ≤ j ≤

m′} Zτm′ = K Vm′+1 {Vj , 1 ≤ j ≤ m′}



m → ∞

1

M
L(y1:M |φK) =

1

M
logE

⎡

⎣
m′∏

j=1

Vj × Vm′+1

∣∣∣∣Y1:M = y1:M

⎤

⎦+ o(1)

=
1

M

m′∑

j=1

logE[Vj |Y1:M = y1:M ]

+
1

M
logE[Vm′+1|Y1:M = y1:M ] + o(1)

=I + II + o(1).

m → ∞

1

M
L̃K(y1:M |φK) =

1

M

m′∑

j=1

logE[Vjω|Y1:M = y1:M ]

+
1

M
logE[Ṽm′+1|Y1:M = y1:M ] + o(1)

=
1

M

m′∑

j=1

logE[Vj |Y1:M = y1:M ] +
m′

M
logω

+
1

M
logE[Ṽm′+1|Y1:M = y1:M ] + o(1)

=I +
m′

M
logω + ĨI + o(1),

Ṽm′+1 =

τm′+|M−τm′ |∏

i=τm′+1

f(Yi|θZi)qZi−1Ziω
1Zi=K ≤ Vm′+1,

ω ∈ (0, 1) ĨI ≤ II τj − τj−1

τm =
∑m

j=1 τj − τj−1

m′

M
=

[(1− δ)m]

Eτm
=

[(1− δ)m]

m

m

mEτ1
→ 1− δ

Eτ1
:= c > 0,



m → ∞ m → ∞

µ′
K = lim sup

M→∞

1

M
L̃K(y1:M |φK) = lim sup

M→∞

{
I + ĨI +

m′

M
logω

}

≤ lim sup
M→∞

{
I + II +

m′

M
logω

}
= lim sup

M→∞
{I + II}+ lim sup

M→∞

m′

M
logω

= lim sup
M→∞

1

M
L(y1:M |φK) + c logω = µ+ c logω < µ,

c > 0 ω < 1 k ̸= K µ′ =

max1≤k≤K µ′
k < µ

d = 1

K =

K∗ + 1 K > K∗ K < K∗

φ̂K∗ φ∗

p(y1:n|φ̂K∗)

n(K∗)2/2pK∗(y1:n)
= OP (1),

(K∗)2 K∗ d = 1

K > K∗



πk = πk(QK) k QK

u = un ↓ 0

J(QK , un) := {k : 1 ≤ k ≤ K,πk ≥ un};

J(QK , un) QK

vn ↓ 0 φK ∈ ΦK k ∈ J(QK , un)

Ak(φK , un, vn) :=
{
l : l ∈ J(QK , un), |θk − θl|2 ≤ vn

}
,

Ak(φK , un, vn) l QK

θl θk K̃n = K̃n(φK , un, vn)

min {n : ∃1 ≤ k1 < k2 < · · · < kn ≤ K ∀l ∈ J(QK , un), l ∈ Akt(φK , un, vn) t} ,

K̃n = K∗

Φ̃ =
{
φK : φK ∈ ΦK := ΘK ×QK , K̃n(φK , un, vn) = K∗

}
.

ϵ = ϵn ↓ 0

Φϵ := {φK : φK ∈ ΦK ,πk ≥ ϵ 1 ≤ k ≤ K}.



unvn ↓ 0

pK(y1:n) !
∫

Φ̃∩Φϵ

p(y1:n|φK)p0(φK)dφK .

ϵn > un φK ∈ Φ̃ ∩ Φϵ P =

P(φK) := {P1,P2, · · · ,PK∗} {1, 2, · · · ,K} Pk

∪Pk = {1, 2, · · · ,K} k1, k2 ∈ Pk |θk1 − θk2 |2 ≤ vn

S = {S1, · · · ,SK∗} {1, · · · ,K}

ΦS := {φK : P(φK) = S} ,

P(·) Φ̃ ∩ Φϵ =
⋃

S

{
Φ̃ ∩ Φϵ ∩ ΦS

}

QK q⃗K = (q1K , q2K , · · · , qKK , qK1, qK2, · · · , qKK)

1 K VK q⃗K Vϵ

Φϵ VK Q−K = {qkl}1≤k,l<K QK

K K φ−K = (θ, Q−K) QK = (Q−K , q⃗K)

φK = (φ−K , q⃗K) = (θ, Q−K , q⃗K) v ∈ Vϵ

ΦK,ϵ,v := {φK = (θ, Q−K , v) : φ ∈ Φ̃ ∩ Φϵ ∩ ΦS},

φK q⃗K = v φ̂v = (θ̂, Q̂−K , v)

K ΦK,ϵ,v

φ̂v =
(
θ̂, Q̂−K , v

)
:= argmaxφK∈ΦK,ϵ,v

pK(y1:n|φK).



K = K∗ + 1 S Sk

Sk

Sk = {k} 1 ≤ k ≤ K∗ − 1 SK∗ = {K∗,K∗ + 1}

∫

Φ̃∩Φϵ∩ΦS

p(y1:n|φK)p0(φK)

p(y1:n|φ̂v)
dφK = OP

(
n− (K∗)2+1

2 log n

)
.

S = {{1}, {2}, · · · , {K∗ − 1}, {K∗,K∗ + 1}}

S

S

pK(y1:n)

pK∗(y1:n)
!

∫
Φ̃∩Φ2ϵ∩ΦS

pK(y1:n|φK)p0(φK)

pK(y1:n|φ̂v)
dφK

pK∗(y1:n)/pK∗(y1:n|φ̂K∗)

= OP

⎛

⎝n− (K∗)2+1
2 log n

n−(K∗)2/2

⎞

⎠ = OP (n
− 1

2 log n).

ϵn

ϵn ↓ 0

ϵ2nn → ∞

ϵn ↓ 0 πk <

un k



unvn ↓ 0 K̃n → K∗

pK(y1:n) =

∫

ΦK

p(y1:n|φK)p0(φK) !
∫

Φ̃
p(y1:n|φK)p0(φK)dφK .

ϵ = ϵn ↓ 0

∫

Φ̃
p(y1:n|φK)p0(φK)dφK =

∫

Φ̃

∑

x1:n∈Xn
K

p(y1:n,x0:n|φK)p0(φK)dφK

!
∫

Φ̃

∑

x1:n∈Xn
K−Xn

K,ϵ

p(y1:n,x0:n|φK)p0(φK)dφK .

Φϵ

X n
K − X n

K,ϵ

∫

Φ̃

∑

x1:n∈Xn
K−Xn

K,ϵ

p(y1:n,x0:n|φK)p0(φK)dφK

!
∫

Φ̃∩Φϵ

∑

x1:n∈Xn
K−Xn

K,ϵ

p(y1:n,x0:n|φK)p0(φK)dφK .

∫

Φ̃∩Φϵ

∑

x1:n∈Xn
K−Xn

K,ϵ

p(y1:n,x0:n|φK)p0(φK)dφK

!
∫

Φ̃∩Φϵ

∑

x1:n∈Xn
K

p(y1:n,x0:n|φK)p0(φK)dφK

=

∫

Φ̃∩Φϵ

p(y1:n|φK)p0(φK)dφK .



ϵn > un Φ̃ K̃n = K∗ K > K∗

k πk < un 1 ≤ k ≤ K∗ 1 ≤ k1 < k2 ≤ K

|θk1 − θk2 |2 ≤ vn Φϵ πk

ϵn > un

Sk = {k} 1 ≤ k ≤ K∗ − 1 SK∗ =

{K∗,K∗ + 1} K K∗ K∗ + 1

φ̂v = (θ̂, Q̂−K , v)

φ̃∗
v = (θ̃∗, Q̃∗

−K , v)

θ̃∗ = (θ∗1, θ
∗
2, · · · , θ∗K∗ , θ∗K∗)

q̃∗kl = q∗kl

q̃∗kK∗ + q̃∗kK = q∗kK∗ ,

q̃∗kK∗ q̃∗K∗l + q̃∗kK q̃∗Kl = q∗kK∗q∗K∗l



1 ≤ k, l ≤ K∗ − 1 K∗ K = K∗ + 1

K∗

pv(φ) = cvp0(φ) cv pv

ΦK,ϵ,v

n
(K∗)2+1

2
∫
ΦK,ϵ,v

p(y1:n|φK)pv(φK)dφK

p(y1:n|φ̂v)
= OP (1).

∫
ΦK,ϵ,v

p(y1:n|φK)p0(φK)dφK

p(y1:n|φ̂v)
= OP

(
n− (K∗)2+1

2

)
.

OP − (K∗)2+1
2

K K(K − 1) K

θ d = 1

q⃗K = v K − 1 (q1K , q2K , ·, q(K−1)K)

K − 1 (qK1, qK2, · · · , qK(K−1) K(K − 1) +K − 2(K −

1) = K2 − 2K + 2 = (K∗)2 + 1

K = K∗ + 1

v

ϵ > 0 Vϵ

∫

Vϵ

∫
ΦK,ϵ,v

p(y1:n|φK)p0(φK)dφK

p(y1:n|φ̂v)
dv = OP

(
n− (K∗)2+1

2

)
.

ϵ > 0 an ↑ ∞ ϵ =



ϵn ↓ 0

∫

Φ̃∩Φϵ∩ΦS

p(y1:n|φK)p0(φK)

p(y1:n|φ̂v)
dφK =

∫

Vϵ

∫
ΦK,ϵ,v

p(y1:n|φK)p0(φK)dφK

p(y1:n|φ̂v)
dv

= OP

(
n− (K∗)2+1

2 an

)
.

an = log n OP

(
n− (K∗)2+1

2 log n

)

K = K∗ + 1 K > K∗

S

K∗ = 2 K = 4

{{1, 2}, {3, 4}} {{1}, {2, 3, 4}}

q⃗K

S = {{1, 2}, {3, 4}}

q⃗2 q⃗4 S = {{1}, {2, 3, 4}}

q⃗3 q⃗4

(K∗)2 + 1

S



K < K∗ φ = (θ, Q) ∈ ΦK φ′ =

(θ′, Q′) ∈ ΦK∗

θ′k = θk,

θ′K = θ′K+1 = · · · θ′K∗ = θK ,

q′kl =
qkK

K∗ −K + 1
,

q′lk = qKk

1 ≤ k < K K ≤ l ≤ K∗ K φ

K,K + 1, · · · ,K∗ φ′ pK(y1:n|φ) = pK∗(y1:n|φ′)

φ′ θ′K = θ′K+1 = · · · = θ′K∗

||φ′ − φ∗|| ≥ inf
θ

K∗∑

k=K

|θ − θ∗k| ≥ min
K≤k<l≤K∗

|θ∗k − θ∗l | := δ > 0.

c > 0

sup
||φ′−φ∗||≥δ

µ(φ′) ≤ µ(φ∗)− c,

∫
ΦK

pK(y1:n|φ)p0(φ)dφ
pK∗(y1:n|φ∗)p0(φ∗)

=
1

p0(φ∗)

∫

ΦK

pK∗(y1:n|φ′)

pK∗(y1:n|φ∗)
p0(φ)dφ ≤ OP (e

−cn).



pK∗(y1:n|φ∗)p0(φ∗)

pK∗(y1:n)
= OP (n

(K∗)2/2),

pK(y1:n)

pK∗(y1:n)
=

∫
ΦK

PK(y1:n|φ)p0(φ)dφ
pK∗(y1:n|φ∗)p0(φ∗)

× pK∗(y1:n|φ∗)p0(φ∗)

pK∗(y1:n)

= OP

(
n(K∗)2/2

)
×OP

(
e−cn

)
= OP

(
n(K∗)2/2e−cn

)
,

νK(QK) =

⎧
⎪⎨

⎪⎩

ν̃(q11, q12, · · · , qkK)δ(QK), QK ∈ Q̃K

0, Qk /∈ Q̃K

Q̃K = {Q : q1k = q2k = · · · = qKk 1 ≤ k ≤ K} δ(·)

C > 0 α1 > 0 · · · αK > 0

0 < ν̃(u1, u2, · · · , uK) < Cuα1−1
1 uα2−1

2 · · ·uαK−1
K .



(u1, u2, · · · , uK)

min(u1, u2, · · · , uK) > 0,
K∑

l=1

uk = 1.

minKk=1 αk > d/2

n → ∞ #{Xn=k}
n

k

K∗

kth

k

un vn

d

0.1 2 ≤ d ≤ 30



C1 = exp(10)

C2 = exp(2)

1 1

2

6 2

Nsim

Nis

K∗ PK,n = pK(y1:n)

K {ϕK,m : m = 1, 2, · · · ,Mn}

gn,K(·)

pK(φK |y1:n)

P̂K,n,Mn = P̂K,n,Mn(y1:n, {ϕK,m}1≤m≤Mn) =
1

Mn

Mn∑

m=1

pK(y1:n,ϕK,m)

gn,K(ϕK,m)
.

K ̸= K∗ PK,n/PK∗,n → 0 n → ∞ P̂K,n,Mn/P̂K∗,n,Mn → 0

n → ∞



M D Nsim Nis CI1 CI2 CI3 CI4

M = 1, 2

log(Ĉ/C) Ĉ C
CI1

CI2 CI3
CI4 Nsim

Nis D



P (Y1:n, {ϕK,m}1≤m≤Mn) PY

Y1:n K

{cn,K}n≥1 limn→∞ cn,K = 0

PY

{
V ar[P̂K,n,Mn ] ≤ cn,KP 2

K,n

}
→ 1 n → ∞.

{bn,K}n≥1 limn→∞ bn,Kcn,K = γ < 1

limn→∞ bn,K = ∞ n

P

{
|P̂K,n,Mn − PK,n| > b1/2n,KV ar[P̂K,n,Mn |Y1:n]1/2

∣∣∣∣Y1:n = y1:n

}
≤ b−1

n,K .

P

{
1− b1/2n,K

V ar[P̂K,n,Mn |Y1:n]1/2

PK,n
≤ P̂K,n,Mn

PK,n
≤ 1 + b1/2n,K

V ar[P̂K,n,Mn |Y1:n]1/2

PK,n

}

= 1− P
{
|P̂K,n,Mn − PK,n| > b1/2n,KV ar[P̂K,n,Mn |Y1:n]1/2

}

= 1−
∫

P

{
|P̂K,n,Mn − PK,n|

V ar[P̂K,n,Mn |Y1:n]1/2
> b1/2n,K

∣∣∣∣Y1:n = y1:n

}
dPY (y1:n)

≥ 1− b−1
n,K → 1 n → ∞.

P

{
1− b1/2n,Kc1/2n,K ≤ P̂K,n,Mn

PK,n
≤ 1 + b1/2n,Kc1/2n,K

}
→ 1 n → ∞.



K K∗

P

{
1− b1/2n,K∗c

1/2
n,K∗ ≤ P̂K∗,n,Mn

PK∗,n
≤ 1 + b1/2n,K∗c

1/2
n,K∗

}
→ 1 n → ∞.

PK,n/PK∗,n → 0 n → ∞

limn→∞ bn,Kcn,K → γ < 1 limn→∞ bn,K∗cn,K∗ → γ < 1

x1, . . . , xN

π(θ) Ω C =
∫
Ω π(θ)dθ {gφ(·)} φ φ̂N = argmaxφ{gφ(x1, . . . , xN)}

y1, . . . , yn gφ̂N
(·) C

Ĉn,N

Ĉ loc
n,N

Ĉn,N =
1

n

n∑

i=1

π(yi)

gφ̂N
(yi)

, Ĉ loc
n,N =

1

nP̂Ωr

[ n∑

j=1

π(yj)

gφ̂N
(yj)

1yj∈Ωr

]
,

Ωr ⊂ Ω P̂Ωr = 1
N

∑N
i=1 1xi∈Ωr

{α,β, γ} gφ̂N
(·) Ωr

π̃(·) := π(·)/C n,N

V ar[Ĉn,N ] = n−1C2α; V ar[Ĉ loc
n,N ] = n−1C2β +N−1C2γ.

n = N C2n−1δ

δ gφ̂N
(·) Ωr

π̃(·)



V ar
(
Ĉn,N

)
= V ar

[
E

(
1

n

n∑

i=1

π(yi)

gφ̂N
(yi)

∣∣∣∣φ̂N

)]
+ E

[
V ar

(
1

n

n∑

i=1

π(yi)

gφ̂N
(yi)

∣∣∣∣φ̂N

)]

=
C2

n
E

[
V ar

(
π̃(y)

gφ̂N
(y)

∣∣∣∣φ̂N

)]
=

C2

n
E

[∫
π̃2(y)

gφ̂N
(y)

dy − 1

]
.

Ĉ loc
n,N

1
n

∑n
j=1

π(yj)
gφ̂N

(yj)
1yj∈Ωr

1
N

∑N
i=1 1xi∈Ωr

E

(
1

N

N∑

i=1

1xi∈Ωr

)
=

∫

Ωr

π̃(x)dx,

V ar

[
1

N

N∑

i=1

1xi∈Ωr

]
=

1

N

∫

Ωr

π̃(x)dx

[
1−

∫

Ωr

π̃(x)dx

]
;

E

⎛

⎝ 1

n

n∑

j=1

π(yj)

gφ̂N
(yj)

1yj∈Ωr

⎞

⎠ = E

⎡

⎣E

⎛

⎝ 1

n

n∑

j=1

π(yj)

gφ̂N
(yj)

1yj∈Ωr

∣∣∣∣φ̂N

⎞

⎠

⎤

⎦

=

∫

Ωr

π(x)dx = C

∫

Ωr

π̃(x)dx;

V ar

⎡

⎣ 1

n

n∑

j=1

π(yj)

gφ̂N
(yj)

1yj∈Ωr

⎤

⎦ = V ar

⎡

⎣E

⎛

⎝ 1

n

n∑

j=1

π(yj)

gφ̂N
(yj)

1yj∈Ωr

∣∣∣∣φ̂N

⎞

⎠

⎤

⎦

+ E

⎡

⎣V ar

⎛

⎝ 1

n

n∑

j=1

π(yj)

gφ̂N
(yj)

1yj∈Ωr

∣∣∣∣φ̂N

⎞

⎠

⎤

⎦

= E

[
1

n

∫

Ωr

π2(y)

gφ̂N
(y)

dy

]
− 1

n

(∫

Ωr

π(x)dx

)2

= C2E

[
1

n

∫

Ωr

π̃2(y)

gφ̂N
(y)

dy

]
− C2 1

n

(∫

Ωr

π̃(x)dx

)2

.



n,N

V ar(Ĉ loc
n,N ) ≈

V ar

[
1
n

∑n
j=1

π(yj)
gφ̂N

(yj)
1yj∈Ωr

]

[
E
(

1
N

∑N
i=1 1xi∈Ωr

)]2

+

V ar
[

1
N

∑N
i=1 1xi∈Ωr

] [
E

(
1
n

∑n
j=1

π(yj)
gφ̂N

(yj)
1yj∈Ωr

)]2

[
E
(

1
N

∑N
i=1 1xi∈Ωr

)]4

=
C2

n

⎧
⎪⎪⎨

⎪⎪⎩

E

[∫
Ωr

π̃2(y)
gφ̂N

(y)dy

]

(∫
Ωr

π̃(x)dx
)2 − 1

⎫
⎪⎪⎬

⎪⎪⎭
+

C2

N

[(∫

Ωr

π̃(x)dx

)−1

− 1

]
.

K < ∞

{cn,K}n≥1 limn→∞ cn,K = 0

PY

{
V ar[P̂K,n,Mn ] ≤ cn,KP 2

K,n

}
→ 1 n → ∞.

y1:n V ar[P̂K,n,Mn ] = M−1
n P 2

K,nδ

δ > 0

PY

{
V ar[P̂K,n,Mn ] ≤ cn,KP 2

K,n

}
= PY

[
δM−1

n ≤ cn,K
]
→ 1 n → ∞,

cn,K = O(M−1/2
n )



C

π

{x(j)0 : j = 1, . . . , n}



T

π

x(j)0 π

{y(j)i : i = 1, 2, . . . , N ; j = 1, 2, . . . n} π

y(j)i x(j) = {x(j)0 , . . . , x(j)M }

µh = E
{
h(y(j)i )

}
= E

[
E
{
h(y(j)i ) | x(j)

}]
= E

{
M∑

i=0

w(x(j)i )h(x(j)i )

}
.

x(j) = {x(j)0 , . . . , x(j)M } y(j) = {y(j)1 , . . . , y(j)N }

var

⎧
⎨

⎩
1

nN

n∑

j=1

N∑

i=1

h(y(j)i )

⎫
⎬

⎭ =
1

n2N2

n∑

j=1

var

{
N∑

i=1

h(y(j)i )

}
+

2

n2N2

n∑

j=1
k=1
j<k

cov

{
N∑

i=1

h(y(j)i ),
N∑

i=1

h(y(k)i )

}
.

1

n2N2

n∑

j=1

var

{
N∑

i=1

h(y(j)i )

}
≥ 1

n2N2

n∑

j=1

var

[
E

{
N∑

i=1

h(y(j)i ) | x(j)
}]

=
1

n2

n∑

j=1

var

{
M∑

i=0

w(x(j)i )h(x(j)i )

}
.



2

n2N2
cov

{
N∑

i=1

h(y(j)i ),
N∑

i=1

h(y(k)i )

}
=

2

n2
cov

{
M∑

i=0

w(x(j)i )h(x(j)i ),
M∑

i=0

w(x(k)i )h(x(k)i )

}
, (j ̸= k).

j < k

cov

{
1

N

N∑

i=1

h(y(j)i ),
1

N

N∑

i=1

h(y(k)i )

}

= cov

[
1

N
E

{
N∑

i=1

h(y(j)i ) | x(j), x(k)
}
,
1

N
E

{
N∑

i=1

h(y(k)i ) | x(j), x(k)
}]

+ E

[
cov

{
1

N

N∑

i=1

h(y(j)i ),
1

N

N∑

i=1

h(y(k)i ) | x(j), x(k)
}]

= cov

{
M∑

i=0

w(x(j)i )h(x(j)i ),
M∑

i=0

w(x(k)i )h(x(k)i )

}
,

y(j)

x(j)

var

⎧
⎨

⎩
1

nN

n∑

j=1

N∑

i=1

h(y(j)i )

⎫
⎬

⎭ ≥ var

⎧
⎨

⎩
1

n

n∑

j=1

M∑

i=0

w(x(j)i )h(x(j)i )

⎫
⎬

⎭ .



var

⎧
⎨

⎩
1

nN

n∑

j=1

N∑

i=1

h(y(j)i )

⎫
⎬

⎭− var

⎧
⎨

⎩
1

n

n∑

j=1

M∑

i=0

w(x(j)i )h(x(j)i )

⎫
⎬

⎭

=
1

n2N2

n∑

j=1

E

[
var

{
N∑

i=1

h(y(j)i ) | x(j)
}]

=
1

n2N
E
[
var

{
h(y(j)i ) | x(j)

}]

=
1

n2N

n∑

j=1

E

⎡

⎣
M∑

i=0

w(x(j)i )h(x(j)i )2 −
{

M∑

i=0

w(x(j)i )h(x(j)i )

}2
⎤

⎦ .

var
{

1
nN

∑n
j=1

∑N
i=1 h(y

(j)
i )

}
− var

{
1
n

∑n
j=1

∑M
i=0w(x

(j)
i )h(x(j)i )

}

var
{

1
n

∑n
j=1

∑M
i=0w(x

(j)
i )h(x(j)i )

}

=
1

N

∑n
j=1E

[∑M
i=0w(x

(j)
i )h(x(j)i )2 −

{∑M
i=0w(x

(j)
i )h(x(j)i )

}2
]

∑n
j=1 var

{∑M
i=0w(x

(j)
i )h(x(j)i )

} =
1

N

E
{
ḡ −

(
h̄
)2}

var(h̄)
.

j = 1, . . . , n E(ḡ) = E{
∑M

i=0w(x
(j)
i )h(x(j)i )2}

E{(h̄)2} = E[{
∑M

i=0w(x
(j)
i )h(x(j)i )}2] var[h̄] = var{

∑M
i=0w(x

(j)
i )h(x(j)i )}

E(ḡ), E{(h̄)2}, var(h̄)



σ2

ESS
= var

⎧
⎨

⎩
1

n

n∑

j=1

x̄(j)

⎫
⎬

⎭ =
1

n2

n∑

j=1

var(x̄(j)) +
2

n2

n∑

j<k

cov(x̄(j), x̄(k))

=
1

n
var(x̄) +

2

n

n−1∑

k=1

(
1− k

n

)
γkvar(x̄) =

var(x̄)

n

{
1 + 2

n−1∑

k=1

(
1− k

n

)
γk

}
,

lim
n→∞

n−1∑

k=1

(
1− k

n

)
γk =

∑

k

γk.

n


























